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On the Statistics of a Three-Dimensional
Gas of Long Thin Rods

Katja Lakatos!
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A gas of long thin rods undergoes an order—disorder phase transition as a function
of rod concentration. We have evaluated the critical concentration at which this
first-order transition occurs using Onsager’s hard-core interaction model. We obtain
the nematic angular distribution function of rods in the ordered phase expanded in a
series of Legendre polynomials.
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1. INTRODUCTION

A gas of long thin rods undergoes an order—disorder phase transition as a function
of rod concentration. Such a phase transition has been observed experimentally®-2:3
in systems of rodlike molecules in solution (e.g., tobacco mosaic virus), and theoretical
results have been obtained using hard-core interaction models.*-8 At low rod
concentrations, such a gas is isotropic; the long axes of the rods point in random
directions. As the concentration is increased, the rods get in each other’s way with a
high cost in energy. Finally, at a critical concentration, the rods tend to line up
to avoid each other, the decrease in entropy being more than counteracted by the
gain in energy.

Two theoretical approaches have been applied to the problem. Flory’s theory‘®
and its extension by DiMarzio'” to molecules of various shapes is based on the
lattice model. The other approach, formulated by Onsager® and also used by
Isihara®® and Zwanzig,® uses Mayer cluster expansion theory with successive
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cluster contributions proportional to powers of parameters involving the concentra-

tion of rods and their geometry.
In this paper we will follow Isihara’s extension of Onsager’s formulation to cal-

culate the critical concentration and degree of anisotropy near the phase transition.®
Our results, however, differ from those of Isihara, as discussed in Sections 3 and 4.

2. EQUATION DETERMINING MOLECULAR ORIENTATION

We briefly outline Onsager’s® formulation and its extension by Isihara.’® The
colloidal particles are assumed to be in solution, in dialytic equilibrium with a solvent
of constant composition across an osmometer membrane. The rods in solution are
in the configuration which minimizes the quantity

F=F solution — F solvent

M
= N,p, T, solvent) — kT log B,(N, ., V, T)

Here F is the free energy, N, is the number of rods and B, is the configuration integral

dr
!

N, @

BN, ,V,T) = f exp(— W/kT)

W = Wy,l(4), (92),-> (qw,)] €)

W is the potential of the average forces which act between the particles in a configura-
tion described by the sets of coordinates (41), (¢2),.-» (qn,) of particles 1, 2,..., N, .
It is necessary to specify the orientation of the rods, as well as the positions of their
centers, and the work against the corresponding torques must be included in W.

The configuration integral in (2) is treated by the usual Mayer cluster expansion
theory. Assuming additive forces

W = z W,l(g2), (g)] = Z Wi 4)
and defining

by = exp(—WylkT) — 1 %)

gives
log B, = N,[1 +1og(V/N,) + §(N,/V) By + HN,/V)? By + -] O]

with
B = —Il/‘ f ‘]512 dry dry ; ™
B, = ‘Il/‘ f ¢12¢23<}531 dry dr, dry ; etc. (3)

Instead of including an integral over all particle orientations in [ dr, Onsager
introduces the artifice of treating particles of different orientations as particles of
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different kinds. The number of particles in a solid angle 4Qv surrounding direction &,
measured from an arbitrarily chosen fixed axis is

AN, = N,f@) 49, v=1,2..,s ©)

where
AN, = N, (10)y

and f(&,) is an as yet undetermined function which depends on the rod configuration.
The free energy of this assembly of particles of different kinds is additive if due
allowance is made for the entropy of mixing:

log B, = ¥ AN,[1 + log(VAQ,AmN)] + 5 ¥ fu(s, . &) AN, AN,

1 Z ﬂZ(&V’&V, ’&V”) ANv ANv' AAT,,” + - (11}

T

»u "

The cluster integrals in (7), (8), etc., are now evaluated for fixed orientations &, of
the particles involved.

Finally, the sums over angular orientations are replaced by integrals involving
the normalized angular distribution function f{&):

[ f@ ) = 1 (12)
and (11) becomes

log B, = N,

1+ 108 (57— — [ 1@ logldnf(3)) d2()

+ 22 [[ B, f0) f@) a2 42

+ évri [I] BuGa, &) 1@ f@) f&") aQ a2 A+ | (13)

The unknown angular distribution function (&) is now determined by requiring
that the free energy of (1) be a minimum, or that log B, be a maximum, subject
to condition (12). Performing a functional differentiation of (13) with respect to f,
including condition (12) by the usual method of Lagrange multipliers, and setting
the result equal to zero, gives a nonlinear integral equation for f:

fa) = explp [ Bu(@, &) (&) AR + p* [§ Bu(d, &, 8") (&) f(&") d2' dQ" + -]
[explp [ By, &) f(&) d2 + pt [[ Bo(@, &, &") F(&) f(&") d dQ" + ++-] dQ
(14)
where p = N,/V is the number concentration of rods. Among the solutions to this
equation is the one that minimizes the free energy. The orientational degeneracy
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of the solutions is eliminated by looking only for solutions which have cylindrical
symmetry about the axis from which direction & is measured [see comments preceding
(9)]. This is then the axis about which we will look for a preferential alignment
of the rods.

Onsager has shown on general grounds that for a three-dimensional gas of rods
it is sufficient to retain only the first cluster integral in (14) to obtain an order—
disorder phase transition.

explp | Pu(@ &) f(&) dQ'] (s

7@ = Jexplp [ By(&, &) f(&') d2'] d2

The cluster integral B,(&, &') for cylindrical rods interacting via a hard-core potential
has been evaluated in detail by Onsager. For rods of length L and diameter d, the
result is

Bily) = —[2L%d + (7]2) &®] sin y + [(=/2)(1 + [ cos y [) + 2E(sin y)] Ld* (16)

where 0 <C y < 7/2 and E(sin y) is the complete elliptic integral of the second kind:

E(sin y) = JW/Z (1 — sin? y sin® ¢)1/2 d¢ an

ForL>d
Bi(y) ~ —2L2dsiny (18)

To estimate the critical concentration, Onsager chooses a trial function f(6)
which is peaked about 8 = 0 and contains an arbitrary parameter o:

(& cosh{« cos 6) (19)

o
47 sinh o

The free energy is then minimized with respect to « and the resulting free energy
is compared to that of an isotropic gas of rods [ () = %#]. The critical concentration
is then the one at which the anisotropic () begins to give a lower free energy than
the isotropic one as p is increased. Using (18), his result is

L2 dp, = 5.1085 (20)

Independently of his choice of f(#), Onsager shows on general grounds that
the phase transition is of first order. The function f(f) is discontinuous with respect
to rod concentration at the phase transition. The usual van der Waals loop can be
constructed by equating the pressures and chemical potentials of the isotropic and
anisotropic phases at the critical point.

Isihara® goes about solving the integral equation (15) in a more systematic
manner, by expanding both the cluster integral and the angular distribution function
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in Legendre polynomials. By the symmetry of the system, only even Legendre
polynomials are necessary.

Mﬁ=éﬁ%ﬂ%w @1)
£ = Y CPyfcos 6) 22)

Substituting (21) and (22) into (15) and using the addition theorem of sphericai
harmonics immediately gives

o 4
exXp [P ; Z_?T—l BlCle(COS 0)]

f(0) = (23)

27 fo exp[ Z 4l + T B,C,P,,(cos 0)] sin 0 46
and

- 44+ 1[5 £(6) Py(cos ) sin 6 df
 dn "2 f(6) sin § db

(24)

where the orthogonality properties of Legendre polynomials have been used. These
are the transcendental equations to determine the expansion coefficients C; .

3. EVALUATION OF CRITICAL CONCENTRATION
AND ANGULAR DISTRIBUTION FUNCTION

To find an approximate solution for (23) and (24) we first leave out the terms
corresponding to / > 2. This is not meant to imply that the higher-order coefficients
C;>, are much smaller than C; (in fact we show later that they are not). However,
in this manner an equation is obtained which is at least numerically tractable and
whose solution can be used as a first step in an iteration procedure. The resulting
equation involves only C, ; we denote its solution by C;%

1 4
s | exp [ 5 pBICoPY)| Poti) dx
O = T dn 29)
f . exp [—5— pBlCl"Pg(x)] dx

Equation (25) can be solved numerically for C,° as a function of p. For small p it
has only one solution, namely, C,° = 0 (isotropic rod distribution). When p increases
beyond the critical value given by

poB, = 4.4876 (26)
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Fig. 1. Plot of Eq. (27).

two additional solutions emerge. This is best shown graphically by rewriting (25).
Simple manipulation leads to

822
pB = —g= = 2(2) @

6z —9
Jte# dx

where z = 6mwpB,C,%/5. Figure 1 is a plot of g(z), with a minimum at z = 2.1609.
Since the left side of (27) is proportional to z{(pB; = 5z/67 (%), the two values of
C;® for each p are found from the intersections of Fig. 1 with the line g(z) = const - z
of appropriate slope. The resulting values of C,® are shown in Fig. 2. The broken
line corresponds to the values of C;° obtained from Fig. 1 for z <€ 2.1609. We dis-
regard this solution for the reasons given in Section 4. (Isithara'® chooses this
solution, with p,B; == 5). The solution we choose is given by the solid line. There
C,? increases continuously with increasing pB; starting from the value C;® = 0.1277
at p = p,. This branch corresponds to a first order phase transition: C® jumps
discontinuously from its isotropic value (C, = 0) to its value at p,, giving a finite
degree of anisotropy.

Using the approximate cluster integral of (12) whose expansion in terms of
Legendre polynomials is given by

Y2I — )R- DI

22 1) (1 1)1 Py(cos y) (28)

1 - @4l +1
B ~ = 5+ Y
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Fig. 2. (C,° as a function of rod concentration.

we obtain
B, = & nl3d
and

L dp, = 4.5710

This value is 109, lower than Onsager’s result.

127

29

(30)

To approximate some of the higher-order expansion coefficients C, of f () at
various concentrations we iterate truncated forms of (23) and (24). Using the relation

@+ DEI— 3N QL — D!
P =""—memnar &

obtained from (28), we use as initial values for the iteration

1 4 nl QI — )1 er—nn 0
[ o[ 428, 5, G AT oy )] Pt

T T4 =@ =3 E— Dl
| o P [T B L gt or O 21(’“)] @

I=1

C0 =

n=273..,s

3D

(32)
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Table I. [Initial Values of C1—Solution of Eq. (25)

pBy G’
4.4876 0.12773
4.4891 0.13652
4.5020 0.15085
4.5685 0.17984
4.6594 0.20120
4.9270 0.23743
5.0950 0.25197

where C, is the highest coefficient included. With these initial values we then iterate
the equations

47 20 — HNEI— DI Ct
f CXp [—5‘ pB; l‘é ( 22)5—3” =Y : le(x)] Pyn(x) dx

C,t =

(33)
1 2] — Hi! 21—1”C’"1
fﬁ exp[ B z ( 223 31(! 0T 1))! le(x)] dx

=1

Using the initial values C,° of Table I, the iterations were performed using
Gauss® numerical integration method with 16 points, until the results changed by
fess than 19 . The results for various rod concentrations are shown in Table I
The resulting angular-distribution function f(#) is shown in Figs. 3 and 4 for various
rod concentrations.

The free energy in terms of the expansion coefficients C, is found from Egs. (1),
(13), (21), (22), and (23) to be:

F— Nyp, P v 4o \®
——1+logp+2Y BC?( )
NkT E g”+2§ SO
Iogf exp|p Z B,C, ( ) Pyfcos B)|sindf  (34)
4/ + 1
Table Il. Expansion Coefficients C,
pB,

C, 4.4876 4.4891 4.5020 4.5685 4.6594 4.9270 5.0950
(o 0.23629 0.23665 0.23965 0.25289 0.26703 0.29524 0.30743
C,y 0.19157 0.19219 0.19738 0.22141 0.24926 0.31279 0.34420
Cs 0.10480 0.10532 0.10977 0.13135 0.15835 0.22814 0.26705
Cy 0.046423 0.046740 0.049454 0.063221 0.081763 0.13590 0.16967
C; 0.018023 0.018179 0.019529 0.026684 0.037042 0.071079 0.094659
Cs 0.0063680 0.0064348 0.0070162  0.010232 0.015214 0.033493 0.047392
C, 0.0019582  0.001981%9 0.0021890 0.0033756  0.0053170  0.013084 0.019413
Cs 0.0000047  0.0000047  0.0000048  0.0000053 0.0000060 0.0000076  0.0000086

Cs 0 0 0 0 0 0 Y
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Fig. 3. (a) Angular distribution function at the critical rod concentration p,B;, = 4.4876.
(b) Logarithmic plot of the angular distribution functionfor p,B, = 4.4876 (solid line)and pB, = 5.0950
(broken line).
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Fig. 4. (a) Large-angle plot of the angular-distribution function for several concentrations: p,B; ==
4.4876; p1By = 4.5685; p, B, = 4.9270; p3B; = 5.0950. (b) Small-angle plot of the angular distribution
function for several concentrations.
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or equivalently

F— Nopo® Py 2 Az \2
/2 ® ©

— A f Z C,P,(cos 0) log [Z C;Py(cos 0)] sinfdfd (35
o =0 =0

The free-energy differences between the isotropic and anisotropic solutions are given
in Table III, where we have evaluated the quantity

4

Il

_ 0 . 0
[ F— Nypy F — Nypy (36)

Nka ]isotropic N [ Nka ]anisotropic

using Egs. (34) and (35). The similarity of the two results is an additional check
on our solution. The free-energy difference 4 vs. pB; curve is practically a straight
line for small 4. If one extrapolates this line to 4 = 0, one obtains

pBy 4o = 4.435 (37

Since 4 is discontinuous at a first-order phase transition, this gives a lower bound
on the critical concentration which is only 1.2 % away from our value for p,B;

poBy > 4.435 (38)

Finally, we also solved for p,B; by truncating Eqgs. (23) and (24) at / = 2 instead
of I =1, as in (25). We obtain

p.B, = 4.482 (39)
only an 0.1 % change from (26). We have therefore found a very accurate value

of the critical concentration in this model. The angular-distribution function is of
course much more sensitive to approximations than the critical concentration.

Table 1l1. Isotropic-Anisotropic Free-Energy Difference of Eq. (36)
Using Eqs. (34) and (35)

By 4 [Eq. 3] 4 [Eq. 35)]
44876 0.01078 0.01078
4.4891 0.01106 0.01107
4.5020 0.01346 0.01343
4.5685 0.02679 0.02681
4.6594 0.0472% 0.04731
4.9270 0.11952 0.11953

5.0950 0.17203 0.17204
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4. DISCUSSION

We have found an accurate value of the critical concentration at which a hard-
core gas of long thin rods undergoes a first-order phase transition. We have also
found the angular distribution function of the rods as a function of rod concentration
by doing a systematic expansion in terms of Legendre polynomials. The low-
concentration phase is isotropic; in the high-concentration phase, the rods tend to
align with their long axes parallel to each other. The ordered-phase configuration
is that of a nematic liquid crystal.

We have disregarded one of the two anisotropic solutions appearing for p > p, .
For pB; > 5, as chosen by Isihara, this solution would correspond to a second-order
phase transition in which the rods would go from the isotropic phase to a phase
in which the long axes of the rods tend to be perpendicular to a preferred axis,
reminiscent of a cholesteric liquid crystal. It could also correspond to a first-order
phase transition between ordered phases. We have analyzed this solution in detail
in Zwanzig’s model, where the rods are rectangular and can lie in only three mutually
perpendicular directions. This solution gives a saddle point rather than a minimum
in the free energy. A small external field or a small anisotropic interaction in addition
to the hard-core interaction between rods would probably be sufficient to turn the
saddle point in the free energy into at least a relative minimum in the free energy,
making the “cholesteric” configuration metastable.

APPENDIX A—QUADRATIC EQUATIONS
FOR EXPANSION COEFFICIENTS

The system of coupled exponential equations (23) and (24) can be transformed
to a system of coupled quadratic equations for the C, . In principle, the latter set
of equations should be easier to handle mathematically than the former. In the
present problem, however, Eqgs. (23) and (24) have been used because when they
are truncated they yield an anisotropic minimum free energy result. This is not the
case with the quadratic equations given below: the anisotropic solutions that emerge
upon decoupling do not correspond to a minimum in the free energy of the system.
To find the anisotropic angular-distribution function, the entire system of coupled
equations must be solved exactly.

Let
5 — 47 B A
V=g B (AD)
Equations (22) and (23) then are
£ = 3 CPu) = Kexp| 3 S.CPut)| (A2)
=0 =1
where x = cos 8 and
1 © -1
K= {477 f exp [z s,czpm(x)] dx] (A3)
0 =1
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Assuming that at any fixed concentration f is a continuous function of angle we
can differentiate (A2) with respect to x:

dP 2z(x) dp 2l(x)

121 C,—— = f(x) z §,C —=—= (Ad)
which gives
¥ o2 ¥ e |3 sie L) 9

Multiplying both sides of this equation by (x* — 1) and using the recursion relation

dPy(x) 2121+ 1)

(=x*—1) dx 4L 1 [Por11(X) — Pya(x)] (A6)
gives
2@+, @n—2Cn—1
Z oo T3 o] P
- 2 1@n)@n + 1 —2)(2n — 1
R e~ I | O

(A7)
Finally, using the orthogonality properties of Legendre polynomials and the expansion

PA) Pole) = 3, St () Pl (A9
— N
a, = (Zkk‘l).. : m<n
yields
Cm)(2m + 1) _ _(@m—2)(2m — 1) _
@m — D@m 1 1) O~ 500 = G 3@ — 1) Crad — )
@© m+l
. Qp—min@irm—nlm—1+n-1
Zi n=Max(m—1,l—m-+1) [ (+m+nayma ]
2n(2n -+ 1) @Cn—2)2n—1)
g T R e LT (49
The normalization of f gives
1
C, = . (A10)

If, for example, we consider the equation for m = 1 and leave out all C;, [see
Eq. (25)] we have

%Cl = §S1C1C0 + ":S%S1C12 (All)
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with solutions

;=0 (isotropic distribution) (Al12)
and
7
¢ = 4mpB, (5 — pBy) (A13)

Letting pB; = 5 + 4pB, , for small 4pB, Eq. (A13) becomes

7

APPENDIX B—EXPANSION OF ANGULAR-DISTRIBUTION
FUNCTION IN POWERS OF CONCENTRATION

Once the angular-distribution function f(0) has been determined at some concen-
tration p, > p,, it can be determined for other concentrations p, < p << 2py, — p.
by a set of linear integral equations instead of the nonlinear equation (15). Let the
solution of (15) at p = p, be denoted by f(p,,x), where x == cos 6. Then for

pe < p <2py—po,

o0 = ¥ C g ) ®1)

It is now easy to derive the equations satisfied by the successive f,, . Let

a=tLes p=aptp (B2)

Then from (B1) and (15)

af(P:x) e Z nafn(p()ax)
= ZO‘ ReAAREA

o ox
= ot 20| 3 oo 9| [ o [ B@ 2 St ) a2 @
Equating coefficients of each power of « gives an equation for each f,, . For f, we have:
Yleo2 D) — oo %) e [ B @) ilpo ) A2 (B4)

and integration gives

Fleos %) = K(po) exp [po [ B2, ) filpo » ¥) 2] (BS)
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where Ky(p,) is a constant of integration. Since f(py, X) = fo(py » X), Eq. (BS) is the
same as Eq. (15) at p == p, . This fixes the constant of integration and we have

explpo | B2, 2') filpo , x') d2']

T = Fexplon [ B @) koo - %) 421 462 ®0
£, satisfies the equation
G0 oy ) o fmwsnA@MxNM'
+ puflon s D = [ B 2) filpn ) 42
+ pufipn D) e [ O @) fipy ) 2 (B7)

Using (B4) and rearranging terms gives

2 flpo®) _ 1
ax fo(Po ’ X) fo(Po s X) ax

which can be integrated directly to yield

fl(PO ’ x)
ﬁ)(PO H x)

The constant of integration K;(p,) can be determined from the normalization condition
on f. We have

S flposX) + P [ B D) filpy ) 2 (B)

=1 fy(po %)+ po [ B Q) filpo, ) A2 + Kip)  (BY)

[f,x)a2 =1 (B10)
and also [see Eq. (B6)]
fﬁ,(p0 ,x)dQ = 1 (B11)
Hence
f fulpo,¥)d2 =0 foralln>1 (B12)

For n = 1, Eqgs. (BY9) and (B6) give

Klpw) = — [ 1n filpo , D folpo » ) + filpo » )] 42 (B13)
and finally

Ji(po 5 X) = Infy(pg , X) -+ po f B(Q, .Q')fl(po , XY ds2’

Jolpo s %)
— [ 1 e » D filpo » ¥) + Filpo » %)] d2 (B14)
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This is a linear integral equation for fi{p, , x) in terms of the known function fy(p, , X).
Similar derivations give the equations for higher order f, . Thus, for example,

Jelpo > X) —1 [fi.(PO , X) ]2 1 Si%(po » %) 4o

Solpo 5 %) Sopo ) * ) filpo» %)
+ po [ B Dfilpo, X) + filpo » ¥)] 42
— [ 1o, DAleo s %) + Falpo )] d2 (B15)
and
f.;i(PO ? x) = -1 [ flg(PO ’ X) — 3fO(P0 ’ x)fl(PO ’ x)fz(Po > x) ]
ﬂ)(Pl) H X) ° fbs(Po > .X)
1 [ Lo ) = Hilpo , 0).1ipo s ) filpo %)
ti Fipe . %) “
+ po [ B ) fslpo » X) + filpo » X)] 42
— [0 fipo » D fsow » ) + filpa » ¥)] 42 (B16)
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